SIMILARITY ANALYSIS OF AXISYMMETRIC PLUMES AND
JETS USING k-¢ TURBULENCE MODEL

Yusuke FUKUSHIMA*

The axisymmetric plumes and the axisymmetric jets are investigated analytically. The k-& turbulence model is

adopted in the analysis. Both axisymmetric plumes and jets satisfy the similarity solutions, which are independent
on the Reynolds number and the Richardson number. Therefore the similarity Solutions are expected to be
applicable to the wide range of hydraulic conditions. The velocity distributions of the plume and the jet obtained
herein explain well the experimental results. The distributions of relative density difference predicted for the plume
also show a good agreement with the experimental data. The value of the turbulent Schmidt number o,= 0.4 for

the axisymmetric plunes is, however, somewhat smaller than the values of ;= 0.8-1.0 for the inclined wall plumes

and for the plane plumes.
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1. INTRODUCTION

Lighter fluid from the point source in the body of
the still water flows in the upward direction and
forms the axisymmetric plume. Heavier fluid from
the point source in the still water forms the down-
ward axisymmetric plume. The axisymmetric
plumes are often observed in the natural environ-
ment and are important from the engineering
aspect. The axisymmetric jets are phenomena simi-
lar to the axisymmetric plumes. However, the
motive force of the axisymmetric jets is the
momentnm flux in the flow direction instead of the
buoyancy flux for the axisymmetric plumes.

There are many experimental studies and analyti-
cal studies on the axisymmetric plumes and jets.
Rouse et al. (1952) have carried out the experiment
on the axisymmetric plumes and have obtained data
for the velocity and temparture distributions. Geor-
ge et al. (1977) have measured the distributions of
velocity and temperature of the air plumes by the
hot wire anemometer. As the axisymmetric jets, the
classical analysis by Tollmien (1926) has been
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proposed, in which the constant eddy viscosity has
been assumed. Reichardt (1944) has carried out the
experiment for the axisymmetric jets and compared
with the Tollmien’s analytical solution.

Recently the flow similar to the axisymmetric
plumes and jets are solved by the turbulence model.
Sini and Dekeyser (1987) have analyzed the plane
plumes and jets to obtain the flow fields by k-e
turbulence model. They solved the partial differen-
tial equations numerically. Paullay et al. (1985) have
proposed the similarity solutions of velocity distri-
butions of plane and axisymmetric jets by using the
k-& turbulence model. They did not take into
account the conservation of momentum flux in the
flow direction. Thus their solutions are not com-
plete.

The author (Fukushima, 1988) has shown that the
inclined wall plumes have the similarity solutions
which satisfy the k-& turbulence model and the
solutions are applicadle to the wide range of flow
conditions. The author (Fukushima, 1989) also has
obtained the similarity solutions of the plumes and
jets and indicated that the solutions explain exper-
imentai data quite well.

The purpose of this study is to obtain the similar-
ity solutions of the axisymmetric plumes and jets
using k-& turbulence model and to discuss the appli-
cability of similarity solutions in comparison with
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the experimental data.

2. BASIC EQUATIONS OF
AXISYMMETRIC PLUMES AND JETS

Consider that the axisymmetric plumes whose
density is smaller than that of the ambient still fluid
flow in the upward vertical direction as shown in
flgure 1. The x coordinate is taken in the upward
direction. The r coordinate is taken in the radial
direction. u and v are the velocity components in the
x coordinate and the r coordinate, respectively. The
radial velocity component v is smaller than the
main flow velocity component so that the boundary
layer approximation is satisfied. The relative den-
sity difference between the plumes and the ambient
fluids is small enough to adopt the Boussinesq
approximation. This analysis is restricted in the
flow establishment region. It is well known that the
length of the flow development region is x/d= 4-5
in which d is the diameter of nozzle. Therefore this
theory is applicable to x/d>5.

The continuity equation, the momentum equation,
the diffusion equation of the scalar quantity which
causes the density difference, the equation of the
kinetic energy of turbulence and the equation of the
viscous dissipation rate of turbulence are written by

el (1
’%:4'%% (ruv)=ch+%% (ru %} (2)
%UCTL%%(WC):%%&%%) (3)
+u( glrl)z—e (4)

e qn <%1;—)27C256T2 (5)

where g is the gravity acceleration, c is the concen-
tration of scalar quantity, and R is the ratio of the
relative density difference to the concentration or
temperature. The eddy viscosity of the turbulence
is defined by
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Figure 1 Definition sketch of axisymmetric plumes

n=c, k% e (6)

The values of numericai constant appearing in the
model are given by

c,=0.09 6.=1.0 c.=1.3 ci..=1.44

c2.=1.92 7
It is noted that in case of the axisymmetric jets, the
gravity term in equation (2) is zero.

Introducing the stream function ¥, velocity com-
ponents satisfy the following relations.

1oy

u=r—or (8a)
__1 oy
VE oy €3))

3. SIMILARITY SOLUTIONS OF
AXISYMMETRIC PLUMES

In order to obtain the similarity solutions of the
axisymmetric plumes, the similarity variable 7z is
introduced. The stream function 4, the concentra-
tion ¢, the kinetic energy of turbulence k, and dissi-
pation rate of turbulence & are expressed by the
following equations.

p=arx™* 9 a

P =bx"F (%) €hs))
c=c « x"G(z) o
k=dx"K () od

e=exE(y) e

where a, b, ¢ x, d and e are the coefficients which
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should be determined below, and the powers of x, /,
m, n, p and q also should be determined below. F, G,
K and E are the similarity functions for ¢, ¢, k and
e, respectively. The velocity components u and v
are obtained from equations (8) and (9 b) as follows:

19y _ m _a_ 1n,_ﬂL ,
“r or r ar {bx F<’7>}_ bX F
=a?hx™ 2 i 10 a
7
__loy_ __o m
V=T ox q{bx FGn}
:—abx"‘*‘*l(m%F—alF’) aom

where the prime (’) means the ordinary derivative
with respect to ». The non-dimensional eddy viscos-
ity and its derivative are defined by

2
Vt*:C;;KT‘ (11 a)
4 2 4
fome, [ KK KE i

Substituting equations (8) - (11) into equations (2)
- (5), the following set of equations is derived after

some manipulations

X (2D -y F’2+m—FF’ m%FF”}
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In the case of the axisymmetric plumes, the buoy-
ancy flux in the vertical direction, Q., is conserved.
Integration of equation (3) leads to

Q.= |7 2zrucdr=2abe « x™ [ 7 F'Gdy (16

Q. is a constant in the flow direction.

Under the conditions that equations (12) to (16)
have the similarity solutions, the powers of x in
each equation are equal. These conditions are

2m—4/—1=n=2p—q+m—4/ (17a)

m+n—2/—1=2p—q+n—2/ A7
m—2/+p—1=2m—6/+2p—q=3p—p—2/=q

a7¢o
m+q—2/—1=2m—6/+p=2q—p=2p—2/

ard
m-+n=>0 7€)

The powers of x are determined from the above
equations as follows:

{=1 m=5/3 n=-5/3

p=—2/3 q=-2 as)
In order to determine coeficients a, b, ¢ «, d and e in
equations (9), coefficients in equations (12) to (16)
should be set to be unity as follows:

2 4

e e b e asy
Coefficients a, b, c+, d and e are determined by

equations (19), as follows:

a=1 (20 @)
b=(RgQ)'"* 200
¢« =Q2/(R)'? 20¢)
d=(RgQ*? @od
e=RgQ. 20 e)

Substituting equation (19) into equations (12)-(15),
the differential equations for F, G, K and E become

11 s 51 0 1 ”
S P P FETHG
+v’t*(iF’)’—ium(iF’)'+iu =0
7 ) 7
QD
1 ,, 101 N
—(FG)' +——— (v a G)' =0 Q2
n o 7

5

3
12 oy D PR vt P
7 3 3 7
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65;(771/[*1{) C 2 K-O Q4

Substituting equations (18) and (20) into (9), the
similarity variable #, the stream function v, the
kinetic energy of turbulence k, the viscous dissipa-
tion rate ¢, the velocity in the flow direction u and
the eddy viscosity u are expressed by

n=r/x (25 a)
= RgQ'*x**F (25b)
2/3
c (I%;)x/a x G 25¢)
k= (RgQ)**x**K @5d)
e=(RgQx’E 25¢)
u= <RgQC>”3x4% F (251)
u = (RgQ)'"*x*v @5g)

Next we consider the boundary conditions. All
variables are symmetrical at the axis (r=0), and the
radial velocity component becomes zero at the axis.
Thus,
ou_oc_ ok _ e

ar or ar or
Non-dimensional forms of these conditions are
F={F/»)=GC=K=E"=0 @n
All variables becomes zero at the outer edge of the

=v=0 (26)

plumes, r/x = (.18, which are
u=c=k=&=0 (28)
Non-dimensional expressions of these conditions
becomes
F=G=K=E=0 29
As shown above, the characteristics of the
axisymmetric plumes are described by the set of the
differential equations (21) to (24) with the boundary
conditions (27) and (29). It is seen from these equa-
tions that the similarity solutions are independent
on the Reynolds number and the Richardson num-
ber. All dimensional variables are determined by the
bouyancy flux as shown in equation (25).
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4. SIMILARITY SOLUTIONS OF
AXISYMMETRIC JETS

The same procedure in the previous section is
used to obtain the similarity solutions of the axisym-
metric jets. The similarity variable and similarity
functions are expressed by equation (9). In the case
of the jet, the gravity term of equation (12) is omit-
ted as follows:
k=41 (m—20) - Feam L FF—m - FF)

7 7 7
d? 1
— 2p—a+m—4i o 2 R
X be {V e d ( ’7 F )

N IE T 0 (30)
n 7 7

The momentum flux is defined as
M= |7 2zrutdr=2zatbexen [ 7 %;F”zdn 3D
In order to find the similarity solutions for the jet,
the powers of x in equation (30) and (31) are equal in
each equation.
2m—4/—1=2p—q+m—4!/ (32a)
2m—2{=0 (32b)
The powers of x are determined from the above
equations and equations (17 b) to (17 d) as follows.
[=lm=1n=—-1p=—2q=—4 (33
The coefficient a, b, ¢ &, d and e are obtained from
the condition that the coefficients in equations (30)
and (31) in addition to equations (13) to (16) are set
to be unity. Thus,

d*>_a'bd __e M _Q
be e

Ta’bd ~ a’h?  bc =1 GO

The coefficients a, b, ¢ «, d and e are determined as

follows:

a=1 (35a)
b=M?2 350
c »=Q. /M2 (35¢)
d=M 35d)
e=M3? (35e)

Substituting equation (34) into equation (30) and
equations (13) to (18), the following ordinary differ-
ential equations for the axisymmetric jet are

obtained.
7%F”—%;FF+?%FF’
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+ V/l* (L F/)/VL v l’k(i F/)/+L Vo Fu/:()
n 7 n 7

(36)
L rey+-LL Gwacy=0 3D
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Ox 77
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The similarity variable and similarity functions are
obtained from substitution of equation (33) and (35)
into equation (9) as follows:

7=1/x (40 a)
Y =MV2.xF (40 b)
Cx= I\%’Z x'G 40 ¢)
k=Mx?K @
e =M¥*x"E (40e)
u:M”Zx’I% F’ (40 D
n=M"vy 40 g

The same boundary conditions as the plumes are
used for the axisymmetric jets as equations (27) and
(29).

The similarity solutions for the axisymmetric jets
are obtained from the solutions of set of the differ-
ential equations (36) to (39) with the boundary condi-
tions (27) and (29). The same equations as equations
(36). (38) and (39) are derived by Paullay et al.(1985).
They, however, could not determine coefficients
described by equation (40), because they did not use
equation (31).

5. RESULTS OF NUMERICAL
SOLUTIONS AND DISCUSSIONS

The similarity solutions obtained by the numerical
calculation for the axisymmetric plumes are shown
in figures 2 a-2 e. The turbulent Schmidt number ;
is chosen as the parameter in these figures. The
similarity solution of the velocity distributions
changes weakly by the value of ;. On the contrary,
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the distribution of the relative density difference
changes remarkably by the value of a.. The non-
dimensional kinetic energy of turbulence and the
viscous dissipation rate has a peak around  =0.06.
The same results have been observed in the case of
the plane plumes (Fukushima,1989). The eddy vis-
cosity (figure 2e) does not have a clear peak and is
almost a constant near the central region. The eddy
viscosity of the plane plumes has a clear peak and
depress near the central region. The difference
between the axisymmetric plumes and the plane
plumes is considered to be caused by the different
turbulent structure between two types of flows.

Comparisons between the numerical solutions and
the experimental data obtained by George et al.
(1977) and Rouse et al. (1952) are made in figure 3 a
and 3b. The value of the parameter ¢; in the numeri-
cal solution is chosen to be 0.4. George et al’s the
experimetal data of the nondimensional velocity are
larger in the outer region of the plume compared
with the numerical results. Rouse et al.’s experimen-
tal data are larger in the central region. The similar-
ity solution of distributions of the relative density
difference (figure 3 b) agrees well with both George
et al.’s and Rouse et al’s experimental data. How-
ever, The value of &= 0.4 is somewhat small
compared with at= 0.8 to 1.0 for the inclined wall
plume (Fukushima, 1988) and for the plane plume
(Fukushima, 1989). The more precise experiment
and analysis are needed to clarify the effect of o;. As
shown in figure 3 a, the theoretical velocity profile
is large in the central region and small in the outer
region compared with the Gearge et al.’s experimen-
tal data. Using the value of o;= 0.8-1.0, the theo-
retical velocity profile explain well the experimen-
tal results.

The numerical results of the similarity solutions
of the axisymmetric jets are illustrated in figures 4
a-4 e. In this case, only the concentration is depen-
dent on a, the others are independent on ¢;. It is
seen from these figures that the velocity and concen-
tration are approximately described by the Gaus-
sian distribution. The distributions of the kinetic
energy of turbulence, the viscous dissipation rate
and the eddy viscosity have no peak as shown in
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Figure 2 Similarity solutions of the axisymmetric plumes.
Solid line indicates o;=1.0, long dash line indi-
2 cates 6.=0.8, dot line indicates 6;=0.6 and dash
| i and dot line indicates 6:=0.4.
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Fig. 2b relative density difference :
5.20
Figure 3a Comparison of similarity solutions of velocity
1.60 — . distribution of the axisymmetric plumes with

r experimental data. Solid line indicates the numer-
ical solution of 6;=0.4 and dash line indicates
Rouse et al. (1952)’s experimental results. Symbols
i are George et al. (1977)’s experimental data,
g where open circles indicate x/D = 16, triangles
indicate x/D=12 and crosses indicate x/D = 8,
and D is the diameter of the inlet.
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Fig. 3b relative density difference

E Figure 3b Comparison of similarity solutions of distribution

.20 of relative density difference of the axisymmetric
plumes with experimental data. Symbols are the
Fig. 2d viscous dissipation rate of turbulence same as figure 3 a.
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Figure 4 Similarity solutions of the axisymmetric jets. Solid
line indicates 6,=1.0, long dash line indicates o,=
0.8, dot line indicates 6:=0.6.
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Figure 5 Comparison of similarity solutions of velocity
5 distribution of the axisymmetric jets with experi-
Al mental data. Solid line indicates the numerical
L ] solution. Symbols are Reichardt (1944)’s experi-
L3 1 mental data, where open circles indicate x =20 cm,
x 1 triangles indicate x=26 cm and crosses indicate
2r )
] X=45cm.
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Fig. 4c kinetic energy of turbulence figures 4 ¢, 4d and 4 e are very flat near the central

region. Thus the structure of turbulence of the
axisymmetric jets is different from those of the
plane jets and the axisymmetric plumes.

L o - J Comparison between the numerical solutions and
Reichardt (1944)’s experimental data is made in
ot § figure 5. The velocity is normalized by the maxi-
I mum velocity and r coordinate is normalized by the
F 1 half width of the maximum velocity. The numerical
solution obtained herein explains well the experi-

ot om on mental results in the whole region.

T/x

Fig. 4d viscous dissipation rate of turbulence
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6. CONCLUSIONS

The axisymmetric plumes and the axisymmetric
jets are investigated analytically. The similarity
solutions of both flows are obtained using the k-«
turbulence model. The numerical solutions are
obtained quite easily to solve the set of ordinary
differential equations. The similarity solution of the
axisymmetric plumes with ¢,— 0.4 explains well
the experimental results of the velocity and temper-
ature distribution. This value of o seems to be
rather small compared with those obtained from the
other flow. The velocity distribution of the axisym-
metric jets obtained by the similarity analysis
agrees quite well with the experimental data.
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